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THE AXISYMMETRIC BUCKLING OF INITIALLY
IMPERFECT COMPLETE SPHERICAL SHELLS·

TATSUZO KOGA and NICHOLAS J. HOFF

Stanford University, Stanford, California

Abstract-Starting out from recent experimental results according to which thin-walled spherical shells subjected
to a uniform external pressure deform in an axisymmetric mode at the beginning of the buckling process, the
buckling and the postbuckling behavior of complete spherical shells were investigated under the assumption
that both the unintentional, random initial deviations from the exact shape, and the following elastic deformations
are symmetric to some radius of the shell. The shell was imagined to be decomposed into a cap which shows
large deformations, and into a remainder in which the displacements are so small that in their analysis a linear
theory can be used satisfactorily. The total potential energy of the system was minimized numerically and in
the minimization process the conditions at the boundary between cap and remainder were enforced rigorously.
Complete and continuous postbuckling curves were obtained in a number of cases and the maximal value of the
pressure parameter was determined in a sufficiently broad range of the geometric parameter to draw conclusions
regarding the practical behavior of spherical shells under external pressure. Comparison with earlier theoretical
and experimental work yielded satisfactory agreement.
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NOTATION
coefficients of stress function defined in equations (27) and (28)
bending stiffness = Eh3/12(1- v2

)

Young's modulus
stress function
horizontal and vertical components of stress resultants
stiffness coefficients (i, j = 1,2)
bending moment resultant in meridional direction
integers
total potential energy
strain energy
potential of external pressure
work done by M"" H and V acting upon the edge of the remainder and by the external
pressure acting on the remainder
radius of the spherical shell
coefficients of series for p:
thickness of shell
parameter defined in equation (31)
external pressure
classical buckling pressure
horizontal and vertical displacements
volume displaced during deformation
edge angle of the cap
change of angle of meridian tangent
coefficient of series for fJr
imperfection amplitude parameter defined in equation (37)

* The contents of this paper are based on the Ph.D. dissertation of the first author submitted to Stanford
University in partial fulfillment of the requirements for the Ph.D. degree. The second author acted as thesis
supervisor. The authors are grateful to the Office of Naval Research of the U.S. Navy whose Mechanics Branch
monitored the work under Contract NOOOI4-67-A-01l2-0003 (RR 009-03-0l\.
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midsurface strains in meridional and circumferential directions
midsurface curvature changes in meridional and circumferential directions
geometric parameter = [12(1- \,2)J'(aIWa
Poisson's ratio
nondimensional meridional coordinate
nondimensional pressure parameter
meridional coordinate

Subscripts and superscripts

e
r
a
i
1,2
0*
0'
0'

quantities pertaining to the edge of the shell
quantities pertaining to the remainder
geometric quantities measured from the initial shape of the midsurface of the imperfect shell
initial deviations
quantities belonging to the primary and secondary states of stress and deformation
nondimensionalization in accordance with equations (7) and (20)
differentiation with respect to cp
differentiation with respect to I;

INTRODUCTION

SINCE the pioneering work of Th. von Karman and H. S. Tsien [1] who attempted to
explain the discrepancy between the experimentally obtained buckling pressure and the
theoretical classical pressure

(1)

derived by R. Zoelly [2], E. Schwerin [3] and A. van der Neut [4], the emphasis in the
literature has been largely on the solution of the problem of the buckling of clamped
shallow spherical shells. The methods used in the case of symmetric buckling can be
classified as belonging to one of the following five types: (1) Perturbation method [5,6];
(2) Power series method [7-11]; (3) Finite difference method [12-14]; (4) Method of iterative
numerical integration [15-19]; and (5) Energy method [20]. In the case of nonsymmetric
buckling, the bifurcation point of the axisymmetric equilibrium curve at which anti
symmetric equilibrium states become possible for the first time was sought in agreement
with Koiter's theory [21-25]. Accurate solutions of the axisymmetric buckling of clamped
shallow spherical shells were obtained by H, J. Weinitschke [11], B. Budiansky [15],
G. A. Thurston [17], R. R. Archer [14] and D. Bushnell [20]. The most accurate results
relating to nonsymmetric buckling are probably those obtained by N. C. Huang [24J
and H. 1. Weinitschke [25]. The values of the buckling pressure are usually plotted against
the geometric parameter A. defined as

(2)

where r:x is the edge-angle of the shallow spherical shell measured from the axis of symmetry.
In 1961, A. G. Gabriliants and V. I. Feodosev [26) treated the problem of the buckling

of the complete and perfect spherical shell by dividing it into a shallow spherical cap and
a remainder. They solved the nonlinear differential equations of the shallow spherical
shell with boundary conditions derived from the solution of the linear differential equations
governing the bending of the remainder. The numerical calculations were performed by a
finite difference method and only the minimal value of the postbuckling equilibrium
pressure was sought.
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In 1962, J. M. T. Thompson [27J presented the results of an experimental and theoretical
investigation. The experiments were performed on polyvinyl chloride shel1s of a radius
to-thickness ratio of about 20 with a loading device which was extremely rigid. In the
theoretical work, the complete spherical shel1 was divided into a shal10w spherical cap
and a remainder. The bending deformations were assumed to be confined to the cap,
and the remainder was assumed to undergo only a membrane contraction. Thus, the
matching of the cap and the remainder was accomplished by enforcing the conditions
that the meridional displacements of the cap and the rotation of the meridian should
vanish at the boundary of the two regions. The calculations were carried out with the aid
of the Rayleigh-Ritz method and the normal displacement was assumed in the form of a
finite polynomial with three undetermined coefficients. The total potential energy was
minimized with respect to four free parameters, namely the three undetermined coefficients
of the polynomial assumed and the parameter representing the edge angle of the cap.
The effect of initial imperfections was also studied for a particular shape of the imperfection.
Good agreement was observed between the theoretical results and the experiment.

In 1964, A. B. Sabir [28J investigated the interaction between a uniform external pressure
and a point load applied to a spherical shell. He assumed that the dimple formed by the
application of the point load has a shal10w spherical shape with the initial curvature com
pletely reversed. He stipulated that the bending deformations were confined to edge zones,
and the edge zones were very narrow both for the dimple and the remainder. Thus, the
essential1y nonlinear problem of large deformations was treated by the linear bending
theory of shal10w spherical shel1s. The boundary between dimple and remainder was
taken as the point at which the tangent to the meridional section is perpendicular to the
axis of rotation of the shel1. Assuming that the imperfection has the same shape as the
dimple formed by the point load, Sabir reinterpreted the effect of the point load as the
effect of the initial imperfection.

In 1964, J. M. T. Thompson [29J applied Koiter's ideas to an investigation of the initial,
axisymmetric postbuckling behavior of a complete spherical shel1 by using the strain
displacement relations valid for shallow spherical shel1s. A closed-form expression was
derived for the initial slope of the postbuckling path. This slope was found to be negative
indicating sensitivity to initial imperfections. The Koiter approach was also employed
by J. W. Hutchinson [30]. His analysis, published in 1967, was not restricted to axisymmetric
buckling, but took into account the coupling of al1 the buckling modes associated with
the bifurcation point.

More details of the historical developments can be found in a survey article written
by Th. von Karman and A. D. Kerr [31].

A series of experiments on the buckling of complete spherical shells was recently
performed in the Department of Aeronautics and Astronautics of Stanford University.
The test results obtained by R. L. Carlson, R. L. Sendelbeck and N. J. Hoff [32J and by
L. Berke [33J seem to indicate that the buckling shape is axisymmetric, at least in the
important early phases of the buckling process. In the present study, use is made of these
experimental observations. It is assumed that the shel1 has an axisymmetric initial im
perfection. In the analysis, the complete spherical shel1 is divided into two parts; the shal10w
spherical cap in which the initial imperfection exists and the dimple forms, and the remain
ing portion of the shel1 most of which deforms in simple contraction. It is further assumed
that the deformation in the cap is large. Hence the nonlinear theory of finite deformation
is used for the analysis of the cap. The bending deformations of the remainder occur in an
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edge zone and are assumed to be small. Hence the linear bending theory is used for the
analysis of the remainder, but the effect of the prestress of the fundamental state is duly
considered.

After the major portion of the work here described was completed, the authors became
aware of four additional papers whose topics are related to that of the present report.
In the first one of these, Thurston and Penning [34} describe tests carried out with forty
aluminum alloy spherical caps after their exact shape had been carefully measured. The
authors also developed a method of numerical integration of the large-displacement
Reissner equations which permitted them to calculate the changes in the shape of each
specimen as the external pressure was increased. Comparison of calculation and experi
ment proved the correctness of the basic assumptions and of the method of analysis
although the maximum of the pressure predicted by theory often differed considerably
from the collapse pressure measured, particularly when the alh ratio of the shell was large.

In the second paper Bushnell [35} used a numerical integration scheme for the solution
of finite difference equations to determine the collapse pressure of hemispheres with a
flat spot. His calculations were also based on Reissner's equations and only axisymmetric
deformations were taken into account. In a follow-up paper, Bushnell [36} used the digital
computer to determine first the changes in the axisymmetric mode of prebuckling deforma
tions of spherical shells with a flat spot, and then the possibility of a bifurcation of the
equilibrium into a multilobed state of deformations. At a distance of 3'3(ah)t from the
edge of the flat spot the radial displacement and the slope of the displacements accompany
ing buckling were taken as zero. This was assumed to represent a satisfactory approximation
to the behavior of complete spherical shells. Further reference to Bushnell's work will be
made in the body of the paper.

In a fourth paper Krenzke and Kiernan [37} reported on tests carried out at the David
Taylor Model Basin with sixty-two aluminum alloy shells machined very accurately out
of bar stock. Thirty-six of these had predetermined imperfections in the form of a flat spot.

BASIC EQUATIONS

The basic equations governing the axisymmetric large deformations but small strains
of rotationally symmetric shells were formulated by E. Reissner [38}. They can be simplified
to hold for shallow spherical shells with finite displacements and small rotations of the
meridian. If there exists a small initial imperfection characterized by the initial angle
f3i between the tangents to the meridians of the imperfect and perfect shells and if the
geometric quantities measured from the midsurface of the initially imperfect spherical
shell are designated by the subscript a (for additional), the strain-clisplacement relations
and the compatibility equation become (see Figs. 1-3):

(a) Strain-displacement relations

f,rpa = (u~/a)+ q>{Ja+ (fi;/2)+ filla'

Krpa = - f3~/a,

KOa = - fialaq>,

where u is the horizontal component of the displacement.

(3)
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(10)

(11 )

The total potential energy of the complete spherical shell can be separated into the
following parts:

(a) Strain energy stored in the cap;
(b) Potential of the external pressure acting upon the cap; and
(c) Total potential energy of the remainder.

(a) Strain energy stored in the cap, U
U can be given as the sum of the strain energy due to membrane stresses and the strain

energy due to bending. It can be written in terms of F and f3a as

U = (nIEh) s: [(FI<p)2+(F'f-(2vFF'I<p)]q>dq>+(na2D) s: [(f3~/a)2

+ (f3alaq»l +(2vf3af3~/a2q»]q> dq>, (9)

where D = Eh3112(1- v2
) is the bending rigidity of the wall of the shell.

(b) Potential of the external pressure acting upon the cap, Vp

Vp is given in the shallow-shell approximation by

Vp = -2na1p s: q>Wadq>,

where W a is the vertical component of the displacement measured from the midsurface
of the initially imperfect shell and p is the external pressure.

Integrating equation (10) by parts, one obtains

Vp = -n(a~)lpwa(Ct) + na1 p s: <plW~ dip .

As it will be shown under (c), it is permissible to omit the first term in the right-hand
member of equation (11). In other words, one is allowed to take

(12)

(13)

without loss of generality, if the work done by the vertical component of the stress resultant
acting upon the edge of the remainder is also omitted. Thus one has

Vp = na3 p s: q> l f3a dq>

where the relation

f3a = (l/a)(dwaldq»

has been used.

(c) Total potential energy of the remainder, Pr

The quantities characterizing the deformations of the remainder will be represented
as the result of the superposition of a primary state and secondary state.
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FIG, 3, Sign convention for edge loads and edge displacements,

(b) Compatibility equation

BOa +CPBoa- B",a = - <PPa -(P;/2) - Pilla' (4)

where the prime indicates differentiation with respect to cp, and a is the radius of the
spherical shell.

The stress function F is defined by the equations

F = a<pN""

F' = aNo.

Then the quantities &",a' BOa and Uacan be written in terms of F:

Bcpa = (l/Eha)[(F/cp)- vF'],

BOa = (l/Eha)[F' -(vF/cp)],

Ua = (l/Eh)(cpF' -vF),

where E, v and h are Young's modulus, Poisson's ratio and the wall-thickness of the shell,
respectively.

The compatibility equation (4) can now be written in terms of F and Pa. If the
dimensional quantities are nondimensionalized by introduction of the relations

<; = cp/a, P* = p/a, F* = F/Ehaa.3, (7)

then the compatibility equation can be written in the nondimensional form

F*" +(F*R)-(F*j<;Z) = -P:-W:
2
/2<;)-(f3TP:/<;),

where the dot indicates differentiation with respect to <;.

(8)
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The total potential energy of the complete spherical shell can be separated into the
following parts:

(a) Strain energy stored in the cap;
(b) Potential of the external pressure acting upon the cap; and
(c) Total potential energy of the remainder.

(a) Strain energy stored in the cap, U

U can be given as the sum of the strain energy due to membrane stresses and the strain
energy due to bending. It can be written in terms of F and fia as

U = (n/Eh)I [(F/q»2+(F')2-(2vFF'/q»]q>dq>+(na2D)I [(p~/a)2

+ (Pa/aq»2 +(2vfiafi~/a2q»]q> dq>, (9)

where D = Eh3/12(1- \'2) is the bending rigidity of the wall of the shell.

(b) Potential of the external pressure acting upon the cap, Vp

Vp is given in the shallow-shell approximation by

Vp = -2na2pI q>Wadq>,

where W a is the vertical component of the displacement measured from the midsurface
of the initially imperfect shell and p is the external pressure.

Integrating equation (10) by parts, one obtains

Vp = - n(act)2 pWa(et)+ na2pI q>2W~ dq> .

As it will be shown under (c), it is permissible to omit the first term in the right-hand
member of equation (11). In other words, one is allowed to take

(12)

(13)

without loss of generality, if the work done by the vertical component of the stress resultant
acting upon the edge of the remainder is also omitted. Thus one has

Vp = na3 pI q>2 fia dq>

where the relation

fia = (1/a)(dwa/dq»

has been used.

(c) Total potential energy of the remainder, Pr

The quantities characterizing the deformations of the remainder will be represented
as the result of the superposition of a primary state and secondary state.
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The primary state of stress and deformation, indicated by the subscript 1, is defined
as the membrane state of stress and deformation of the perfect shell. It can be represented
entirely by the normal stress resultants N ",1 and N 81 and by the horizontal displacement
u1 • The secondary state of stress and deformation, indicated by the subscript 2, is defined
as the state of stress and deformation produced by the addition of edge force and moment
resultants to the state of loading of the primary state. Since M", h M81 , (J l' K81 vanish
identically in the present approximation, M"" M(l> (J, K", and K8 are quantities appearing
in the secondary state only. Thus these quantities will be written without the subscript 2.

In addition to the subscripts 1 and 2, the subscnpts e and r are introduced to characterize
the quantities pertaining to the edge and to the remainder. No subscript is used to denote
the quantities pertaining to the cap, except a for the displacements and rotation of the
meridian of the imperfect shell.

The strain energy U r stored in the remainder when it distorts in the secondary state
under the action of the stress resultants acting upon it from the cap is

(14)

where WM " WHr , WVr and Wpr are the work done by the stress resultants M",re' Hr. and
v,. and by the external pressure p, respectively. The distortions are assumed to begin
after the remainder had been compressed uniformly by the pressure p; hence Wpr is the
work done by the constant pressure p during the deformations caused by M",re' H re and
v,e' Since the total potential energy Prof the remainder is

and because
Vpr = - Wpr ,

when the external pressure is constant, one can write

Pr = Ur - Wpr = J:fMr + lfnr + WVr ' (IS)

Two terms are still missing from this equation, namely the strain energy stored in the
remainder during the deformations corresponding to the uniform compression of the
primary state, and the corresponding potential of the external pressure. But these quantities
are independent of the values of U2re and (Jre and thus they do not make any contributions
when the total potential energy of the entire system is varied. It is permissible, therefore,
to omit these terms from this analysis.

The first term in the right-hand member of equation (11) can be written in the form

{ -1t(aiX)ZpWlae-n(aa)2pW2ae}' (16)

The second term of this expression is the same, except for the sign, as the last term in the
right-hand member of equation (15). Since the potential energy expressions for the cap
and remainder must be added to obtain the total potential energy of the entire spherical
shell, the term WVr cancels the second term in the expression (16). The remaining term of
(16), -1t(aiX)lpwlae, is independent of UZ re and (Jre and thus, for the reason stated previously,
can be omitted. This justifies the assumption ofequation (12). One may, therefore, calculate
the total potential energy of the remainder from the equation

(17)
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(18)

where the subscript Ire indicates a quantity related to the edge of the remainder in the
primary state, and re indicates a total displacement or force quantity (sum of primary and
secondary) for the edge of the remainder.

The assumption of small deformations for the remainder enables one to make use of
the well-established solutions of the linear equations governing the deformations of the
pressurized spherical shell. According to the solutions of the linear theory, H,e and M""e
are related linearly to U,e and f3,e' The relations are written in the form

H,e = K 11,(U,e - uI,e) + K 12,f3,e + H I,e'

J.f""e = K2I,(U,e-UI,e)+K22,f3,e'

where K ij, (i, j = 1,2) are the stiffness coefficients for the remainder, which are presented
in the Appendix. The sign convention for the edge loads and edge displacements is shown
in Fig. 3.

MATCHING CONDITIONS
Since the cap and remainder are parts of the complete spherical shell, there should

not exist any discontinuity in the physical quantities characterizing the state of the shell
at q> = a. Therefore, the following four conditions are imposed to ensure the proper
matching of the cap and remainder:

(19)
J.f",e = M""e'

The first two conditions can be satisfied simply by substitutions. The remaining two
equations can be reduced to two equations in Fe and f3ae with the aid of equations (6) and
(18). The dimensional quantities are nondimensionalized through introduction of the
following relations:

KTI = (a).a/Eh)K ll ,

Kh = ().2/Eha)K I2 ,

Kh = (P/aa 3Eh)K 22 ,

K11 = -Ki2,

(20)

P = p/Pe/'

Then the two equations become in nondimensional form:

(KTI,/A)Fr- (vKT I,/A)F: - F: +(Ki2p2)f3:e +(2p/2)[(I- v)(K! JriA)-l ] = 0, (21)

).2K!2,(F:' - vF:) - f3:~ - vf3:e - ).K12,f3:e +2p(l- v)Ki2, = O. (22)

The total potential energy can now be written in terms of F and f3a only. The result
is in nondimensional form

p* = (A 2/2)f [(F*/~)2+(F*')2_2v(F*F*R)J~ d~

+(I/2A2)f [([3:/~)2 +([3:')2 +2v([3:f3:R)J~ d~+2pf f3:e d~

+ [p(F:' - F:) - (.Ie2/2)(F:' - vF:)F: - (1/2}.2)(f3:~ + vf3:e)f3:e]. (23)
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METHOD OF SOLUTION

The Rayleigh Ritz procedure is used to obtain the approximate solution of the non
linear problem. [1: is assumed in the form of a finite polynomial in ( with undetermined
coefficients. It contains only odd powers of ( because the deformations are axially sym
metric:

N

11: = I bn(n,
n= 1.3.S

(24)

where N is an odd integer and bn are the undetermined coefficients.
The initial imperfection is also assumed to be given in the form of a finite polynomial

IV

fj* = '\ t5 enIJI ~ rI_

n = 1.3

(25)

where the i5n are prescribed for a particular imperfection shape. In practice, some of the
i5n will be chosen as zero, but having the upper limit N the same in the sums of equations (24)
and (25) is convenient when programming for the computer.

If: and [3'(', as assumed in the form of equations (24) and (25), are substituted into the
right-hand member of the compatibility equation, equation (8). Then equation (8) can
be easily integrated. The result can be written in the form

2N+ 1

F* = I An(n,
n ~ 1

(26)

(27)

where A 3' As, ... are defined as

A 3 = (k)[(l +i5db t + (±)biJ

As = -(14)[(1 +i5 I )b3+()3b l +b t b3J

A 7 = -(ls)[(l +t5dbs +(j3 b3+r5sb, +(1)b~ +b,bsJ···,

and A I is the integration constant which will be determined with the aid of one of the
matching conditions.

Substituting F* and 13: into equations (21) and (22), one obtains the matching con
ditions written in terms of bn and An. The result is

2N+ I N
I [(n-v)(Kf'r/)·)-IJA n +(Kf2r/),2) I bn +(2p/).2)[(l-v)(Kflr/),)-I] = 0, (28)

n= 1 n= 1

2N+ I IV

I PKf2.(n-I')A n - I (AK!2r+ n +l')bn +2p(l-I')Kf2r = O. (29)
n~l n=1

From one of these matching conditions, say equation (28), the integration constant Al
is determined. One has

2N+ I IV

Al = - I (l/k)[(n-I')(Kflr/).)-IJA n -(l/k)(Kf2r/)·2) I bn -(2pj).2) (30)
n=3 n=1

where

(31 )
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Substituting F* and f3: into equation (23), one obtains the total potential energy
written in terms of bnand An:

2N+ 1 N

+ L p(n-l)A n +2p L bn/(n+3).
n=l n=l

(32)

(33)

For given values of p, A and f3t the total potential energy p* must be a minimum
with respect to all bn in the presence of the constraining condition, equation (29). The
minimization is performed with the aid of a Lagrange multiplier; it yields a set of the
nonlinear algebraic equations in bn , which is solved with the aid of the Newton-Raphson
iterative procedure.

Once the bn are obtained, the An are calculated according to equations (27) and (30).
Then the basic quantities f3:, u:, w:, H* and Mt can be calculated for the cap.

The volume displaced during deformations is given in nondimensional form as

v* = -2f fJ:e d~.

Substitution from equation (24) and integration yield

N

v* = -2 L bn/(n+3).
n= 1

NUMERICAL RESULTS

(34)

A computational program for the minimization and the Newton-Raphson processes,
valid for power series of fJ: and f3t of any odd number of terms greater than three, was
developed and written in ALGOL machine language. The computations were carried out
on the Burroughs B5500 Digital Computer of the Computation Center of Stanford
University.

The computations were performed for two types of initial imperfections; one was in
the form of a dimple and the other was a spherical region whose radius of curvature was
larger than that of the perfect spherical shell. The former is called the imperfection of
type 1, and the latter the imperfection of type 2. The approximate shapes of these im
perfections are sketched in Figs. 4a and 4b. In this analysis f3t is taken in the form:

For the imperfection of type 1:

(35)

and for the imperfection of type 2 :

(36)
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FIG. 4a. Imperfection of type 1.

---'---"t -"""-
.............

:00..

I

r--ct
I

I

FIG. 4b. Imperfection of type 2.

where fJ is the ratio of the initial deviation at the axis of rotation, Wi(O), to the wall-thickness
of the shell, h :

(37)

The effect of imperfection 1 was studied by Budiansky [15], and that of imperfection 2
by Bushnell [35,36]. Krenzke and Kiernan [37] carried out tests with specimens having
imperfections of type 2.

For each ofseveral pairs of values of Aand fJ the values of bn were guessed for a prescribed
value of fJ. These values were improved through repeated solution of linear equations in
accordance with the Newton-Raphson procedure until the changes in the absolute values
of the three most important coefficients were less than one-hundredth of one per cent of
the absolute values obtained in the previous iteration. Next the number of coefficients bn

was increased by two, and the procedure outlined was repeated. The volume displaced
in consequence of the bending deformations was calculated and a comparison was made
between the values obtained for q terms and for q +2 terms of the b" series. When the
absolute value of the difference was smaller than one-hundredth of one per cent of the
absolute value of the displaced volume obtained for q terms, the values of bn obtained
in the last calculation were considered as the solution of the equilibrium problem for the
values of A, fJ and p chosen.
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Next the values of P were increased stepwise and the calculations were repeated. The
increment was first taken as 0'1, and when the maximal, or critical, value of p was closely
approached, the increment in p was reduced to 0·01. The critical value of p was defined
as the largest value of p for which the procedure first outlined converged.

The results of the calculations are presented in Figs. 5 and 6 in the form of Pcr vs. A

/,CUMPED SHALLOW CAP
,/' \ (BUDIAIISKY ,WEIIIITSCHKE, AICHEI. )

,/. THUISTOII AIID BUSHIIELL
1. 0 r-----,---r-----.---.--r--f--r---.---'I'i----,---.--,---.,..-..-e,

~.".",.t::Y-----O

'" "'---,/

0.5

o0L--'--"""----l-..........-..L5-~-L--'--..!----'1 0'--..........-~---I.- .........---J15

FIG. 5. Critical pressure parameter p" Ys. geometric parameter).; imperfection of type 1.

1.0

J
Pcr .5

5 10 15
A

FIG. 6. Critical pressure parameter Pcr YS. geometric parameter).; imperfection of type 2.
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curves. For large values of A., serious difficulties in finding convergent solutions were
encountered. Values of Pcr calculated in this range are shown by circles connected with
broken lines. It is worth noting that Bushnell [36J found bifurcation into a multilobed
pattern at these high values of I,.

From Figs. 5 and 6 one can see that there exists a minimum of Pcr in each Pcr vs. I.
curve. It occurs at about ;. = 4 for the imperfection of type L and at ), = 3 for the im
perfection of type 2. If a/h is given, the angle 11, which indicates the angular extent of the
initial imperfection, can be calculated for each given value of I" Thus the most dangerous
angular extent of the imperfection can be determined by assigning the values 4 and 3 to ),
in equation (2) for the two types of imperfections. For example, if the shell is characterized
by a/h = 103

, then the most dangerous angular extent of the imperfection is obtained as

11 = 4° for the imperfection of type 1
11 = 3° for the imperfection of type 2

In the case of the particular values A. = 4 and 3 for the imperfections of type 1 and 2,
respectively, additional calculations have also been performed.

In the neighborhood of the maximal value of P the convergence of the procedure could
be improved by prescribing the volume parameter v* rather than the pressure parameter p.
The same approach was used near the minimal values of P when the complete equilibrium
curves for <5 = 0·1 were calculated. The results are presented in Figs. 7 and 8. The equi
libriumstates of prebuckling, unstable postbuckling and stable postbuckling are indicated
by the numbers (I), (II) and (III), respectively.

The portions (I) and (II) of the complete equilibrium curves are presented in Figs. 9
and 10 for various values of <5. In these figures the crossed lines indicate the solutions
obtained by prescribing the values of the volume parameter v*. The change in volume due
to the change in the fundamental state of uniform compression is not included in the
figures.

1.0,.----,.----,.----,.----,.----,.---,.---,------,

.2 .4 .6 .8
y'

FIG. 7. Complete pressure-volume curve;,( = 4, <5 = 0'1, imperfection of type I (volume changes caused
by changes in the membrane stresses in the remainder are not included).
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1. 0r----...,..------r----r--.......,----,-----,.---r------,

(II

oO~----.L---.l...--......L....--..L-----lL..-----L.----'------l
.2 .4 .6 .8
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,*
FIG. 8. Complete pressure-volume curve; .Ie = 3, () = 0'1, imperfection of type 2 (volume changes caused

by changes in the membrane stresses in the remainder are not included).

( I)

oOL..----'-----'---'-----'----'-----'------J'---....l-.----'----'
.1 .2

'*
FIG. 9. Early phases of pressure-volume curve; .Ie = 4. imperfection of type 1. The crossed line + + +
indicates the part of the curve obtained by prescribing v* in the iteration process (volume changes caused

by changes in the membrane stresses in the remainder are not included).

The relation between (j and Pcr is presented in Fig. 11. This shows that the spherical
shell is sensitive to both types of imperfection. The results of the present study are com
pared with those obtained by A. B. Sabir [28J and J. W. Hutchinson [30]. When the minimal
values of Pcr were cross-plotted from Bushnell's [35] Fig. 7, the points obtained fell on the
curve labeled "Type 2" of Fig. 11 of the present report so accurately that no separate curve



694 TATSUZO KOGA and NICHOLAS J. HOFF

L O.......--r--.....,..---,~--r--....,...----.--.,.......-~---.-----,

P .5

.1 .2
y*

FIG. to. Early phases of pressure-volume curve; l '= 3. imperfection of type 2. The crossed line + + +
indicates the part of the curve obtained by prescribing v· in the iteration process (volume changes caused

by changes in the membrane stresses in the remainder are not included).

could be drawn. This is a satisfactory check of the accuracy of the calculations because the
two solutions were obtained in quite different ways.

A second check was made by comparing the experimental buckling pressures of
Krenzke and Kiernan [37J with the Pcr values shown in Fig. 6. In this comparison only
the thinnest shells of the experimental series were included. In the others the elastic limit
of the material must have been exceeded and the present theory is valid only for perfectly

1.0...,--...,--......,.--.,---...,.----...--.---...,.....--,---,-----,

Pc, .5

TYPE 2

TYPE I

--- - .... _ HUTClIIIISOII( 2 .UDE CASE. EO. 25 )------

.5

8
FIG. 11. Critical pressure parameter vs. imperfection amplitude.

1.0
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elastic shells. Great accuracy cannot be claimed for the comparison because values of Pcr
had to be interpolated, and in some cases even extrapolated, from the curves of Fig. 6.
Nevertheless satisfactory agreement was obtained between theory and experiment as
the experimental buckling pressures always fell between 69 per cent and 117 per cent of
the theoretical values.

CONCLUSION

The maximal values of the pressure parameter P in the equilibrium state before
buckling have been calculated for many combinations of the geometric parameter Ie and
the imperfection parameter b. It can be seen that for all values of b the lowest buckling
pressure is reached when ), is about 4 for the imperfection in the shape of a dimple, and
when Ie is about 3 for the imperfection in the shape of a spherical region.

In the manufacture of spherical shells for industrial purposes imperfections cannot be
avoided. They are distributed in a random manner over the entire surface of the spherical
shell. If the imperfections are of the two types that have been investigated in the present
study, buckling is most likely to be observed at that point on the spherical shell where the
initial imperfection corresponds to ), = 4 or 3. The maximal value of the pressure that can
be reached in a pressurization test is then given by the two almost coincident curves
shown in Fig. II.
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APPENDIX
Influence and stiffness coefficients for internally pressurized spherical shells were

obtained by G. Cline [39]. D. Bushnell [40J provided a supplement to Cline's development
by investigating the externally pressurized spherical shells. His coefficients can be simpli
fied to hold for shallow spherical shells by approximating sin q> and cos q> by q> and 1,
respectively. The simplification yields the following stiffness coefficients:

K" = (Eh/al:X)(~*/~6){[I-p2ll:(Ri+Ii)}

K 12 = - K 21 = (:xEh/),2)(~*/~6){[(1 + p)/2Jl:(R0 11- loRd - [(1- p)/2]+(l 0 11+ RoRd}

K n = - (act 3 Eh/A 3)(~* /~6) {[I - p2Jl:(R6 +16)+ (1- 1'2)(1/),2)[1 - p2J+(Ri + Ii)

+ (2/).)[1 - p(1 + v)J [(1 + p)/2J+(R I 10 - Rol d

-(2/).)[1 +p(1 +v)J[(1-p)/2J+(RoR , +lo/ 1)}
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where

d* = (l +2p)[(l-p)/2]t(R1Ro+11/0)+(l-2p)[(1 +p)/2]"t(l l RO- R l / 0)

+(v-l)(1/)')[1-p2]t(R~+m

d~ = (l-V2)(l/),2)(l_p2)(R~+m2

+ (2/),)[1 - p(l + v)] (l + p)[(l- p)/2]"t(R110 - Rol d(Ri + Ii)

- (2/),)[1 + p(l + v)] (1 - p)[(1 + p)/2]t(R I Ro+ 101I)(Ri + Ii)

+ (i-)(1 +2p)(1 - p)[(RoR 1)2 +(10/1)2]

+(!)(l- 2p)(1 + p)[(1OR t )2 +(Rol d2] + 2pRoI oR11 1

- [1- p2}t{ Rolo(Ri - Ii) +R 111(16 - R6)}.

R 1, 11' Ro and 10 are defined as
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R 1 ReH~I)

I t ImH~l)

Ro = Rem})

10 = Imm})

where HI}) and H~I) are the Hankel function of the first kind of order zero and one,
respectively.
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A6cTpaKT-l1CXOP,lI Jl3 rrOCJlep,HJlX 3KCrrepJlMeHTaJlbHblX pe3YJlbTaTOB Jl3BeCTHO, 'ITO TOHKOCTeHHble

c«PePJl'leCKJle 060JlO'lKJI, rrop,aeplKeHHble op,HoMeplloMY BHelllHeMY p,aBJleHJlIO, p,e<jJopMJlPYIOTCli B OCeCJlM

MeTpJl'leCKOM HarrpaBJleHJlJI, B Ha'laJle rrpOl.\ecca BbIIIY'IJlBaHJllI. 3aTeM JlcCJlep,yeTcli rrpoL\ecc BbIIIY'lJlBaHHlI

JI rrOCJleKpJlTJI'IeCKOe rroaep,eHHe nOJlHbIX c«PePJl'leCKHX 060JlO'leK. npep,nOJlaralOTCli npH 3TOM, 'ITO KaK

HeYMbIlllJleHHble, npOJl3BOJlbHble, HayaJlbHble OTKJlOHeHJllI OT TO'lHOH <jJOpMbl, TaK M nocJlep,YIOll\He

ynpyme p,e<jJopMaL\HH lIBJllIlOTCli CJlMMeTpJl'leCKJlMJI no OTHOllleHHIO pap,Hyca 060JlO'lKJI. )J,aJlee npep,noJlar

aeTClI, 'ITO 060JlO'lKy MOlKHO pa3J10lKJlTb Ha KPbIlllKY, KOTopali xapaKTepH3yeTcli 60JlblllJlMJlP,e<jJopMaL\HaMJI

JI Ha OCTaJlbHYIO '1aCTb, B KOTOpOH rrepeMell\eHHlIlIBJllIlOTCli TaK MaJlbIMH, 'ITO MOlKHO yp,oBJleTBopJlTeJlbHO

JlCnOJlb30BaTb npH HX onpep,eJleHHH JlJlHeHHylO TeopHIO. npJlBOp,HTCli '1HCJleHHO K MHHHMyMy nOJlHali

nOTeHL\HaJlbHali 3HeprJlll CHCTeMbl. B npoL\eCce MHHJlMaJl3aL\HH YCJlOBJllI Ha rpaHHL\e MelKp,y KpbllllKOH

H OCTaJlbHOH '1aCTblO TO'lHO BbIIIOJlHlIIOTCli. OOJlY'laIOTCli nOJlHble H HenpepJlBHble KpHBble nOCJleKpHTJI'IeC

Koro BbIIIY'lI1BaHHlI p,JllI HeKOTopbIX cJly'laeB. Orrpep,eJllleTCli MaKCI1MaJlbHOe 3Ha'leHHe napaMeTpa p,aBJleHHlI

B p,OCTaTO'lHO lllHpOKHM p,Hana30He reOMeTpH'IeCKOrO napaMeTpa, C L\eJlblO nOJlY'leHl1l1 pe3YJlbTaTOB

KacalOlllHXCli npaKTH'IeCKOro nOaep,eHJllI c«PePH'IeCKHX 060JlO'leK, 3arpYlKeHHblX BHelllHblM p,aBJleHHeM.

)J,alOTCli yp,oBJleTBopHTeJlbHble cpaBHeHHlI C npep,blp,YlllHMH TeOpeTH'IeCKHMH H 3KcnepHMeHTaJlbHblMJI

pa60TaMH.


